Abstract. We prove (Theorem 1.2) that the category of generalized holomorphically contractible families (Definition 1.1) possesses maximal and minimal objects. Moreover, we present basic properties of these extremal families.
• Lempert function: k * G (a, z) := inf{m E (λ, µ) : ∃ ϕ∈O(E,G) : ϕ(λ) = a, ϕ(µ) = z} = inf{|µ| : ∃ ϕ∈O(E,G) : ϕ(0) = a, ϕ(µ) = z}.
It is well known that
, and for any holomorphically contractible family (d G ) G we have
i.e. the Möbius family is minimal and the Lempert family is maximal.
The Green function g G may be generalized as follows. Let p : G −→ R + be an arbitrary function. Define g G (p, z) := sup{u(z) : u : G −→ [0, 1), log u ∈ PSH(G), ∀ a∈G ∃ C=C(u,a)>0 ∀ w∈G : u(w) ≤ C w − a p(a) }, z ∈ G; 1 obviously the above growth condition is trivially satisfied at all points a ∈ G such that p(a) = 0. We have g G (0, ·) ≡ 1. The function g G (p, ·) is called the generalized pluricomplex Green function with poles (weights) p. Observe that if the set |p| := {a ∈ G : p(a) > 0} is not pluripolar, then g G (p, ·) ≡ 0.
In the case where the set |p| is finite, the function g G (p, ·) was introduced by P. Lelong in [Lel 1989 ].
In the case where p = χ A = the characteristic function of a set A ⊂ G, we put g G (A, ·) := g G (χ A , ·). Obviously, g G ({a}, ·) = g G (a, ·), a ∈ G.
The generalized Green function was recently studied by many authors, e.g. for every z ∈ G, (M) for any p, q :
If in the above definition one considers only integer valued weights (like in the case of the generalized Möbius function), then we get the definition of a generalized holomorphically contractible family with integer valued weights.
One can prove that the generalized Green and Möbius functions satisfy all the above axioms (cf. § 2).
The main result of the paper is the following theorem. 
Observe that if |p| = {a} and Directly from the definitions we conclude that the systems (g G ) G and (m G ) G satisfy (H) and (M) and the following conditions (to simplify formulations we will write d G if a given property holds simultaneously for m G and g G ):
Proof. The family {f ∈ O(G, E) : ord a f ≥ p(a), a ∈ G} is equicontinuous.
Proof. We can argue as in the one-pole case -cf. [Jar-Pfl 1993], § § 2.5, 4.2.
Proof. It is clear that the sequence is monotone and the limit function u satisfies
In the case of the generalized Green function, using 2.6, we have u ∈ PSH(G). By 2.3 it remains to observe that
The case of the generalized Möbius function is simpler and it follows from 2.5 and a Montel argument.
By 2.3, to prove the opposite inequality we only need to show that log u is plurisubharmonic. Observe that
We finish the proof by applying the following general result.
Proof. It suffices to consider the case n = 1. Take a disc ∆ a (r) ⋐ Ω, ε > 0, and a continuous function w ∈ C(∂∆ a (r)) such that w ≥ v on ∂∆ a (r). We want to show that v(a) ≤ 
Proof. Use 2.2 and 2.8.
Proof. By 2.8 we may assume that the set |p| is finite. Now, by 2.7, we may assume that G ⋐ C is regular with respect to the Dirichlet problem.
. Then the function log u is subharmonic on G and harmonic on G \ |p|. The function v := log g G (p, ·) − log u is locally bounded from above in G and lim sup z→ζ v(z) ≤ 0, ζ ∈ ∂G. Consequently, v extends to a subharmonic function on G and, by the maximum principle,
The opposite inequality follows from 2.10.
For any function
In particular, for any function p :
Proof. The case where |p| is finite is trivial. The case where the set |p| is countable follows from 2.7. In the general case let A k := {a ∈ G : p(a) = k} and let B k be a countable (or finite) dense subset of
. Consequently, the result reduces to the countable case.
Corollary 2.14. Let A 1 , . . . , A n ⊂ E be finite sets. Put
. . , N , and assume that
where k N +1 := 0 and
Observe that if k 1 = · · · = k N = 1, then the above formula coincides with that from Corollary 2.14.
Notice that, even for the simplest case not covered by Proposition 2.
Recall that by the Lempert theorem (cf. [Jar-Pfl 1993], Ch. 8), if G ⊂ C n is convex, then c * G = k * G , and consequently, by (*), all holomorphically contractible families coincide on G. The following example shows that this is not true in the category of generalized holomorphically contractible families.
2 ). Note that F is proper and locally biholomorphic in a neighborhood of A t . Moreover, A t = F −1 (t, t). Using Proposition 2.13, we conclude that 0) ). In fact, the inequality '≥' follows from (H) (applied to F ). The opposite inequality may be proved as follows.
Note that f is well defined, | f | < 1, f (t, t) = 0, f is continuous, and f is holomorphic on D ∩ {w = 0}. In particular, f is holomorphic on D. Consequently, 
where γ G (resp. A G ) denotes the Carathéodory-Reiffen (resp. Azukawa) metric of G (cf. [Jar-Pfl 1993], § § 2.1, 4.2). Hence, by Propositions 4.2.7 and 2.2.1(d) from [Jar-Pfl 1993], using the fact that D is the convex envelope of G, we get
To see the inequality
, we may argue as follows. We already know that
On the other hand
It remains to observe that
3. Proof of Theorem 1.2.
Step 1 . If (d G ) G satisfies (H) and
The result remains true in the category of contractible families with integer valued weights.
Proof.
Step 2. The system (d
(H), and (M).
Proof. (E) and (M) are obvious. To prove (H) let F : G −→ D be holomorphic and let q :
Step 3. If (d G ) G satisfies (H), (M), and
Step 4. The system (d [m E (µ, g(F (z))]
(for integer valued weights).
(
Proof. (a) follows from Theorem 1.2.
(b) Using (a) and 2.11 we get On the other side:
Basic properties of d
where p ′ (z) := sup{p(z, w) : w ∈ D}, z ∈ G, and d
(a) The functions
In view of (a), it suffices to prove that for every f ∈ O(G, E) the function
where M runs over all finite sets M ⊂ f (|p|) such that k f (µ) := sup p(f −1 (µ)) < +∞, µ ∈ M . Thus u f = inf M {|h M |}, where h M ∈ O(G, E). Consequently, since the family (h M ) M is equicontinuous, the function u f is continuous on G. 
Proof. Fix a z 0 ∈ G and let f k ∈ O(G, E), f k (z 0 ) = 0 be such that
. We may assume that A k = B is independent of k and for any a ∈ B the fiber B a := f −1 k (f k (a)) ∩ |p| is also independent of k. Moreover, we may assume that f k −→ f 0 locally uniformly in G. Then f 0 ∈ O(G, E), f 0 (z 0 ) = 0, and a∈B |f 0 (a)| p(a) = α. Observe that f 0 (B) = f 0 (|p|). Let B 0 ⊂ B be such that f 0 | B0 is injective and f 0 (B 0 ) = f 0 (B). We have
and M runs over a family of finite sets as in the proof of 4.2. Observe that v M1∪M2 ≤ min{v M1 , v M2 }. It remains to apply Lemma 2.9.
Proof. By (H) and (M) the sequence is monotone and for the limit function u we
In the case of the minimal family suppose that
By a Montel argument we may assume that f k −→ f 0 locally uniformly in G with f 0 ∈ O(G, E), f 0 (z 0 ) = 0. Since µ∈f0(G) |µ|
In the case of the maximal family for any a ∈ G and ε > 0 there exists a
Example 4.7. Let G := {z ∈ C n : |z α | < 1}, where α = (α 1 , . . . , α n ) ∈ N n is such that α 1 , . . . , α n are relatively prime. Then
where p ′ (λ) = sup{p(a) : a α = λ}, λ ∈ E, and d [m E (µ, g(Φ(z)))]
5. Product property.
G be a generalized holomorphically contractible family with integer valued weights. We say that d has the product property if
for any domains G ⊂ C n , D ⊂ C m and for any sets ∅ = A ⊂ G, ∅ = B ⊂ D. Notice that the inequality '≥' follows from (H) applied to the projections G×D −→ G, G×D −→ D. The definition applies to the standard holomorphically contractible families and means that
It is well known that the families (
[Jar-Pfl 1993], Ch.9, [Edi 1997 ], [Edi 1999 ], [Edi 2001 ].
Moreover, it is known that the higher order Möbius functions (m Thus it is natural to ask whether the minimal and maximal families have the product property.
We do not know whether the system (d Proposition 5.2. Assume that for any n ∈ N, the system (m G ) G has the following special product property:
where G, D ⊂ C n are balls with respect to arbitrary C-norms, A ⊂ D, B ⊂ G are finite and non-empty, Ψ (z, w) := n j=1 z j w j , and Ψ | A×B = 0. Then the system (m G ) G has the product property (P) in the full generality.
Moreover, if (P 0 ) holds with #B = 1, then (P) holds with #B = 1.
Proof. (Cf. [Jar-Pfl 1993], the proof of Th. 9.5.) Fix arbitrary domains G ⊂ C n , D ⊂ C m , non-empty sets A ⊂ G, B ⊂ G, and (z 0 , w 0 ) ∈ G × D. We have to prove that for any F ∈ O(G × D, E) with F | A×B = 0 the following inequality is true:
By 2.12, we may assume that A, B are finite.
Let
be sequences of relatively compact subdomains of G and D, respectively, such that A ∪ {z 0 } ⊂ G ν ր G, B ∪ {w 0 } ⊂ D ν ր D. By 2.7, it suffices to show that
. It is well known that F may be approximated locally uniformly in G × D by functions of the form
where
Using Lagrange interpolation formula, we find polynomials P s : C n × C m −→ C such that P s | A×B = F s | A×B and P s −→ 0 locally uniformly in C n ×C m . The functions F s := F s −P s , s ≥ 1, also have the form (**) and F s −→ F locally uniformly in G × D. Hence, without loss of generality, we may assume that F s | A×B = 0, s ≥ 1. Let m s := max{1, F s G ′ ×D ′ } and F s := F s /m s , s ≥ 1. Note that m s −→ 1, and therefore
Fix an s = s 0 ∈ N and let N := N s0 , f µ := f s0,µ , g µ := g s0,µ , µ = 1, . . . , N . Let
It is clear that K is an absolutely convex compact subset of
Then again L is an absolutely convex compact subset of C N , and moreover,
) be a sequence of absolutely convex bounded domains in C N such that W σ+1 ⋐ W σ and W σ ց K (resp. V σ+1 ⋐ V σ and V σ ց L). Put M σ := Ψ Wσ×Vσ , σ ∈ N. By (P 0 ) and by the holomorphic contractibility applied to the mappings f : Consequently, it suffices to show that m G×E (A × {0}, (z 0 , λ)) ≤ max{m G (A, z 0 ), |λ|}, λ ∈ E.
( †)
The case where m G (A, z 0 ) = 0 is elementary: for an f ∈ O(G × E, E) with f | A×{0} = 0 we have f (z 0 , 0) = 0 and hence |f (z 0 , λ)| ≤ |λ|, λ ∈ E (by the Schwarz lemma). Thus, we may assume that r := m G (A, z 0 ) > 0. First observe that it suffices to prove ( †) only on the circle |λ| = r. Indeed, if the inequality holds on that circle, then by the maximum principle for subharmonic functions (applied to the function m G×E (A × {0}, (z 0 , ·))) it holds for all |λ| ≤ r. In the annulus {r < |λ| < 1} we apply the maximum principle to the subharmonic function λ −→ Acknowledgement. The authors are indebted to professor W lodzimierz Zwonek for his valuable comments on the paper.
